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ABSTRACT 

We use a de Sitter breaking graviton propagator [Tj [2] to compute the tree 
order correlator between noncoincident Weyl tensors on a locally de Sitter 
background. An explicit, and very simple result is obtained, for any space- 
time dimension D, in terms of a de Sitter invariant length function and the 
tensor basis constructed from the metric and derivatives of this length func- 
tion. Our answer does not agree with the one derived previously by Kouris 
[5] , but that result must be incorrect because it not transverse and lacks some 
of the algebraic symmetries of the Weyl tensor. Taking the coincidence limit 
of our result (with dimensional regularization) and contracting the indices 
gives the expectation value of the square of the Weyl tensor at lowest order. 
We propose the next order computation of this as a true test of de Sitter 
invariance in quantum gravity. 
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1 Introduction 

Students of quantum mechanics are familiar with the fact that charged parti- 
cle wave functions couple to the electromagnetic vector potential, not to the 
field strength tensor. Hence the undifferentiated vector potential in a fixed 
gauge is, in some ways, observable. This point was crushingly demonstrated 
by the famous Aharonov-Bohm effect in which a charged particle is made 
to interfere with itself in passing round a solenoid, despite the field strength 
being zero throughout the support of the particle's wave function [I]. 



Specialists in quantum field theory on curved space are engaged in a 
similar debate concerning inflationary gravitons. Matter fields couple to the 
metric, not to the curvature. There is no gauge in which this can be avoided. 
Hence one would think it obvious that that the undifferentiated graviton field 
in a fixed gauge must be observable. Indeed, strenuous efforts [51 EJ [7J [8] are 
under way to measure the tensor power spectrum, which is the expectation 
value of the conformally rescaled graviton field in transverse-traceless and 
synchronous gauge, taken long after the time of first horizon crossing, 



Mathematical physicists have for years disputed this conclusion because 
it conflicts with their belief in the de Sitter invariance of free gravitons on 
de Sitter background. (The de Sitter geometry is the most highly acceler- 
ated inflation consistent with classical stability.) The Bunch-Davies mode 
sum for the graviton propagator is formally de Sitter invariant, but infrared 
divergent. Regulating the infrared divergence breaks de Sitter invariance 
[PJ. However, the infrared divergence is only logarithmic, so the derivatives 
needed to turn a graviton field into a linearized curvature render the mode 
sum for the linearized Weyl-Weyl correlator infrared finite and de Sitter in- 
variant. Mathematical physicists therefore find it attractive to argue that the 
graviton propagator is unobservable — in spite of current efforts [3 EJ |8] 
to observe tensor power spectrum ([T]) — and insist that only the correlator of 
two linearized Weyl tensors is physical. They sometimes even advance the de 
Sitter invariance of the Weyl-Weyl correlator as evidence that free gravitons 
are physically de Sitter invariant [10J HU [T2] . 

A digression is necessary at this stage to mention two recent insights 
which have dispelled decades of confusion: 




(1) 
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• There is a topological obstacle that precludes adding invariant gauge 
fixing terms to the action on any manifold, such as de Sitter, which 
possesses a linearization instability [13J; and 

• It is incorrect to subtract off power law infrared divergences, which 
is what automatically happens with any analytic regularization tech- 
nique, such as continuation from Euclidean de Sitter space [H]. 

The first point explains that there is no math error, but rather a subtle 
physics problem with gauge fixing in the many solutions which have been 
reported for the graviton propagator with a covariant gauge fixing term |15j . 
Attempting to ignore this problem produces provably wrong results in scalar 
quantum electrodynamics [16J, and would do so as well in quantum gravity. 

It is still possible to add noncovariant gauge fixing terms to the action, 
or to impose a covariant gauge exactly (as opposed to on the average with 
a gauge fixing term). The propagator was long ago worked out with a non- 
covariant gauge fixing term [lj [2], and all quantum gravitational loop cor- 
rections on de Sitter have been made using this solution [T7J [18j [191 1201 12T] . 
Enhancing the naive de Sitter transformation with the compensating gauge 
transformation needed to restore the noncovariant gauge condition reveals 
a physical breaking of de Sitter invariance [22]. The propagator has also 
recently been constructed in a covariant, exact gauge [23], and that solution 
shows explicit breaking of de Sitter invariance as well [21]. 

The second point of our digression explains the curious statement in the 
mathematical literature that exact covariant gauges are free of infrared prob- 
lems except for certain discrete values of the gauge fixing parameters [25] . It 
has even been asserted that minimally coupled scalars with tachyonic masses 
are infrared finite except for the discrete values, M 2 = —N(N + 3)H 2 , where 
H is the Hubble parameter [10]. In fact, all tachyonic masses produce in- 
frared divergences. The special thing about the discrete values is that one of 
the power law infrared divergences happens to become logarithmic for these 
values, and so is not automatically subtracted by the analytic regularization 
technique!]] 

1 Mathematical physicists occasionally ask what is wrong with the de Sitter invariant 
solutions one gets from subtracting off power law infrared divergences. The result is 
a solution to the propagator equation which is not a propagator in the sense of being 
the expectation value of the time-ordered product of two field in the presence of any 
normalizable state. Such solutions abound, for example, i/2 times the sum of the advanced 
and retarded Green's functions [25] , 
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We come now to the main point of this paper, which is to evaluate the lin- 
earized Weyl-Weyl correlator in the same noncovariant gauge [TJ [2] for which 
all existing quantum gravitational loop corrections on de Sitter background 
have been made [T71 HI [TU [20j 121] . We will demonstrate four things: 

• That our result is both de Sitter invariant and very simple; 

• That the result obtained in 2001 by Kouris [3] cannot be correct because 
it possesses neither the algebraic symmetries of the Weyl tensor, nor 
its transversality; 

• That the de Sitter invariance of our result is a trivial consequence of the 
derivatives needed to convert the graviton field into a linearized curva- 
ture and the disappearance of the constrained parts of the propagator 
from the linearized Weyl-Weyl correlator; and 

• That a true test of de Sitter invariance lies in evaluating the next loop 
order result for the coincident Weyl-Weyl correlator with its indices 
properly contracted. 

Section 2 deals with the apparatus of perturbative quantum gravity on a 
D-dimensional de Sitter background so that dimensional regularization can 
be used. The actual computation is performed in section 3. We also discuss 
the discrepancy between the earlier result [5] and ours. In section 4 we 
explain what the Weyl-Weyl correlator tells one and what it does not. We 
also compare it to the expectation value of the stress tensor of a massless, 
minimally coupled scalar, both at the free level (which produces a de Sitter 
invariant result) and with a quartic self-interaction (which shows de Sitter 
breaking) . 

2 Quantum Field Theory on de Sitter 

The purpose of this section is to describe the formalism for making perturba- 
tive quantum gravity computations on de Sitter background. We begin with 
the open conformal coordinate system which must be used if de Sitter is to 
fit into the larger context of inflationary cosmology. We then present the 
graviton propagator in our noncovariant gauge PQ[2]. The section closes with 
a discussion of the tensor basis employed to express the linearized Weyl-Weyl 
correlator in a manifestly de Sitter invariant form. 
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2.1 Open Conformal Coordinates 

We view de Sitter from the perspective of inflationary cosmology, as but a 
special case of the much larger class of homogeneous, isotropic and spatially 
flat geometries. This means we do not want to work on the full de Sitter 
manifold but rather on the so-called "cosmological patch" which is spatially 
flat. It is convenient to use conformal coordinates x^ = (r),x) with, 

- oo < i] < , -oo < x l < +oo for i = l,...,D-l . (2) 

As the name suggests, the metric in these coordinates is conformal to that 
of flat space, 

ds 2 = a 2 (—drj 2 + dx-dx) where a = — — — . (3) 
v ' Hi] 

The parameter H is known as the Hubble constant, and is related to the cos- 
mological constant by A = (D — 1)H 2 . Although conformal coordinates do 
not cover the full de Sitter manifold, rj = constant does represent a Cauchy 
surface, so information from the larger manifold can only enter the cosmo- 
logical patch as initial value data. 

The symmetry group of coordinate transformations which preserve the de 
Sitter metric plays a central role in our analysis. In open D-dimensional con- 
formal coordinates the de Sitter group consists of \D(D + l) transformations 
which can be arranged as follows in four parts: 

1. Spatial Translations, which comprise (D — 1) transformations parame- 
terized by a constant vector e l , 

rf = r] , x fi = x i + eV (4) 

2. Spatial Rotations, which comprise \{D — 1)(D — 2) transformations 
parameterized by the rotation matrix R 1 ^, 

i = 7] , x fi = R ij x j . (5) 

3. Dilatations, which comprise one transformation parameterized by a 
constant C, 

rf = Cr] , x n = Cx l . (6) 
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4. Spatial Special Conformal Transformations, which comprise (D — 1) 
transformations parameterized by the constant vector 9\ 



7/ 



l-20-x+9 2 x^x^ 



n 

X = 



x l — 8 l x fl x, 



i-2e-x+e 2 x^x ll 



(7) 



The symmetries of cosmology are 1 and 2; symmetries 3 and 4 only appear 
in the de Sitter limit of maximal acceleration. 

It is convenient to represent de Sitter invariant propagators between 
points x^ and x /fl using the de Sitter length function y(x; x'), 



y(x; x') = aa'H 2 



x—x || — ( \rj — 7] | — IE j 



(8) 



Except for the factor of is (whose purpose is to enforce Feynman boundary 
conditions) the de Sitter length function can be expressed as follow in terms 
of the geodesic length £(x; x') from x M to x /fl , 



y(x;x') = 4sin 2 ( -H£(x; x' 



(9) 



We should mention that mathematical physicists prefer a different de Sitter 
function z — 1 — because it gives simpler formulae for propagators in 
terms of hypergeometric functions. The advantage of our length function 
y(x;x') is that it vanishes at coincidence (that is, x^ = x" 1 ), which is quite 
important when renormalizing explicit loop computations. 



2.2 The Graviton Propagator 

We define the graviton field h^ u (x) by conformally transforming the full met- 
ric 9nv( x ) an d then subtracting off the background, 

g^u(x) = a 2 g^ = a 2 (r]^ + nh^(x)) . (10) 

Here r/^ is the D-dimensional, spacelike signature Minkowski metric, and 
k 2 = 16nG is the loop counting parameter of quantum gravity. The gravita- 
tional Lagrangian is, 
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Subtracting off a surface term and expanding in powers of the graviton field 
gives a form from which the perturbative interactions can be read off [T], 

C - Surface = (R-^Ha^p^g^h^Ko + a^pHg^g^ 

^ ^ ~^h a p^h ua fj ~^h a f3 ph a ^ l v -\- ^htyfi^phpv^u ~^h a pphp a ^ u J . (12) 

Note that g pv and a/— g are infinite order in the graviton field, 

= l + i/c/i+^« 2 /i 2 -i« 2 /i^V + °(« 3 )- ( 14 ) 

Note also that we follow the usual conventions whereby a comma denotes 
ordinary differentiation, h = rj^h^, and graviton indices are raised and 
lowered using the Minkowski metric, h^ u = ffhpv and h pu = rj^rj^hpa. 
The quadratic part of the invariant Lagrangian is, 



r (2) 

^inv 



a 15 " 2 



(15) 

To this we add the noncovariant gauge fixing term, 
Cgf = ~a D -Y u F^F u , Fp = iT (>W " ^ w + (D-2)Hah w 5°). (16) 

Note that it respects de Sitter symmetries 1-3, breaking only the spatial 
special conformal transformations. Because space and time are treated dif- 
ferently in our coordinate system and gauge, it is useful to have an expression 
for the purely spatial parts of the Lorentz metric and the Kronecker delta, 

V=?/> + <W and V v (17) 

The quadratic part of gauge fixed Lagrangian can be partially integrated to 
take the form ^h p,1J D fil f' T hp CT , where the kinetic operator is, 

2 VD-3' 



+WV Db + - 7^ WW Do, {11 



and the three scalar differential operators are, 
D A = dJa D - 2 rTd v 



D B = dJa D - 2 V ^d L 



D 



c 



dJaP- 2 rrd l 



(D-2)H 2 a D , 
2(D-3)H 2 a D 



(19) 
(20) 
(21) 



The graviton propagator in our gauge takes the form of a sum of constant 
index factors times scalar propagators [1, 2J, 



pu^pa 



{x;x') = [^ T pa] iA l( X l X ') ■ 



I=A,B,C 

The three scalar propagators invert the various scalar kinetic operators, 

D I xiA I (x;x')=i5 D (x-x') for I = A,B,C , 

and we will give explicit expressions for them. The index factors are, 

2 



VV 1 pa 

rpB 
^v 1 pa 

rpC 
^v 1 pa 



% V p,(pV a)v jj_^VpuVpa ) 

2 



(D-2)(D-3) 



(HW + L (D-3)8 X + V 



pa 



(22) 

(23) 

(24) 
(25) 
(26) 



It is straightforward to verify that the graviton propagator (122]) indeed inverts 
the gauge-fixed kinetic operator, 



D 



pa 



pi' 



X % 



pa 



A 



(x;x r ) = 8^8^i5 D (x-x') . 



(27) 



The A-type propagator obeys the same equation as that of a massless, 
minimally coupled scalar. It has long been known that no de Sitter invariant 
solution exists ■ If one elects to break de Sitter invariance while preserving 
homogeneity and isotropy — this is known as the "E(3)" vacuum [28] — the 
solution takes the form 



(28) 



iAa(x; x') 
where the constant k is, 



k = 



■ A(y(x;x')) +kln(aa') 

H D-2 T(D-l) 
(47t)"? 



(29) 



7 



The function A(y) is, 



E 



r(n+f + l) ( y\n-%+2 T(n + D-l),y 



„ lL (n-f + 2)(n+l)!V4^ nl> + f) 



(30) 



where the constant is, 



r(D-l) f / ZX /D-l 



V>(B-1) + <«!). (31) 



It should be noted that A(y) obeys the differential equation, 

(Ay-y 2 )A"(y) + D(2-y)A'(y) = (D-l)k . (32) 
The .B-type and C-type propagators are both de Sitter invariant, 

iA B (x;x') = B(i/(x;x')^j , iAc(x; x') = C(y(x; x')J . (33) 
Rather than give the series expansion for B(y) we present its relation to A(y) 



[{Ay-y 2 )A'{y) + k{2-y)] 

B{y) = 2(5=2) ■ (34) 

For C(y) it is more convenient to give the derivative [12] , 

C\y) = A\y) - ](^-) \(4y-y 2 )A'(y)+k(2-y)] . (35) 



4V£)-2^ 

Of course our propagator breaks the 4th part of the de Sitter group (spa- 
tial special conformal transformations) because the gauge condition breaks 
it. However, the propagator also breaks the 3rd part of the de Sitter group 
(dilatations), which is preserved by the gauge condition. This is evident from 
the de Sitter breaking second term of the A- type propagator (1251) . which is 
needed to reproduce the famous result for the coincidence limit of the mass- 
less, minimally coupled scalar propagator [30J, 



H 2 

lim iAa(x;x') = — - ln(a) + Divergent Constant . (36) 

X— >X' 4:71 

The absence of dilatation invariance implies a physical breaking of de Sitter 
invariance by free gravitons. Kleppe proved this by concatenating a naive de 
Sitter transformation with the compensating gauge transformation needed 
to restore the gauge condition 
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2.3 Tensor Basis 



Because y(x; x') is de Sitter invariant, so too are covariant derivatives of it. 
With the metrics g^ v (x) and g^ u (x'), the first three derivatives of y(x;x') 
furnish a convenient basis of de Sitter invariant bi-tensors [16] , 

dy(x; x') 



dx^ 
dy(x; x') 

dx' v 
d 2 y(x; x') 



Ha(y5^ + 2a'HAx ll ) , (37) 
Ha'(y5° u -2aHAx u ) , (38) 
tfaa'Uy^a'HAx^l^adlHAx^r!^) . (39) 



dx^dx' v 

Here and subsequently we define Ax M = r]^ u (x— x') u . Acting covariant deriva- 
tives generates more basis tensors, for example 



D 2 y(x,x') =g2(2 _ } (x) D y^} X ') v = H 2 (2-y)gUx') . (40) 
Dx»Dx u v ' ^ y ' Dx' p Dx' u v ; M v ; v ; 

The contraction of any pair of the basis tensors also produces more basis 
tensors [16 J, 

= H 2 Uy-y 2 )=g^(x')^L^L, (41) 
y K 'dx^dx v ^ y y > y v ! dx' p dx' v ' v ; 

^ ^ dx v dx^dx" 7 ~ E{y2 ~ V ^lhr' ^ 

y K > dx»dx' p dx v dx' u yp K ' dx' p dx' a ' v ; 

gPa ^dx^dx' p dx v tx' a = AHAg ^~ H2 dh^ '• (45) 
The tensor structure of de Sitter breaking terms requires derivatives of 
the quantity ^(a;;^') = ln(aa'), 



, Trr P =Ha'Sl (46) 



Covariant derivatives of the new tensors involve some extra identities in ad- 
dition to those of y(x; x') [1] 



D 2 u tt2 du du D 2 u o / t\ ® u ® u 

-H g^x) - t—t— , n , Mn ,„ = ~H g^(x ) 



Dx^Dx v w vy dx» dx u ' Dx' p Dx' u aM V 7 dx' u ' 

(47) 
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There are also some new contraction identities, 



g pa (x') 



tTfx)—— 
v ; dx»dx u 

9 dxt* dx y 
A du dy 

dx' p dx" 7 
du d 2 y 

dx^ dx v dx' p 
du d 2 y 

dx' p dx^dx" 7 



-H 2 = g pa {x 



du du 



dx'Pdx" 7 ' 



9 pa [x 



-H 2 
-H 2 
—H 2 
—H 2 



y-2 + 2- 



y-2 + 2- 
a' 

dy a' du 
+ 2- 



dx'P a dx'P 
dy du 



+ 2 



dx p a' dx p 



(48) 
(49) 
(50) 
(51) 
(52) 



Finally, we should explain the relation of our tensor basis to the one em- 
ployed by mathematical physicists. Their literature obviously includes no 
mention of the de Sitter breaking tensors du/dx^ and du/dx" 1 , however, 
there are also significant differences in the de Sitter invariant sector. Our 
motivation for employing derivatives of the length function y(x; x') is to sim- 
plify loop computations which involve derivatives of propagators. That is 
not a significant consideration for mathematical physicists because their lit- 
erature is devoid of such computations; the only quantum gravitational loop 
computations so far made on de Sitter background [TO [TH1 EE E01 EI] use 
our propagator. The issue of greater importance to mathematical physicists 
is the geometrical significance of the tensor basis. In place of dy/dx 11 and 
dy/dx" 1 , they accordingly employ derivatives of the geodetic length function 
£(x;x') (which is known as "/i" in their literature), 



n, 



By 



d£(x; x') 

dx» H^/Ay-y 2 

d£(x; x') 



dy 



dx'P 



(53) 
(54) 



(Note the mathematical physics notation in which unprimed indices belong 
to the tangent space at x p and primed indices belong to the x'P tangent 
space.) In place of the mixed second derivative d 2 y /dx^dx'" , mathematical 
physicists prefer the parallel transport matrix, 



2H 2 



d 2 y 



+ 



dy dy 



dx^dx' u ' A-y dx» dx' v ' 



(55) 
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3 Doing the Math 



The purpose of this section is to perform the actual computation. We begin 
by exploiting conformal invariance to write the Weyl-Weyl correlator as a 
series of permutations and traces of four ordinary derivatives of the graviton 
propagator. We then express the index factors of the graviton propagator 
using the tensor basis of the previous section. The next step is to reduce 
the four ordinary derivatives of the various scalar propagator functions to a 
standard form based on the same tensor basis. The final step is to note that 
the standard permutations and traces remove all the noncovariant tensors, 
leaving only a linear combination of three de Sitter invariant tensors times 
exceptionally simple scalar factors. We also compare with the result of Kouris 
[3], and we take the coincidence limit using dimensional regularization. 



3.1 Exploiting Conformal Invariance 

Recall the relation (imp between the conformally transformed metric g^ and 
the full metric = a 2 g pu . Let C a ^ and C a p^ stand for the Weyl tensors 
constructed from each metric, with their indices raised and lowered by the 
appropriate metric. Because the Weyl tensor is conformally invariant with 
one index raised we have, 

C a /3 pa = C a p pa . ==>■ C a /3pa = a2 C a /3 pa . (56) 

As a consequence the correlation function of two Weyl tensors takes the form, 



n 



C aM5 (x)C^ vpfJ (x') Si) = a 2 a' 2 (p C a p jS (x)C lu , piT (a^) £1} . (57) 



The advantage of conformal invariance becomes apparent when we express 
the Weyl tensor in terms of the Riemann tensor [R p apv = d fJ T p ua + T p fia T a ua — 
\i «-»• v) and its traces R pv = R p ppv and R = g pu R pV) 



— (g ai Rps — g 1 pRs a + gpsRa-y — gsaRjp) 

+ (D-2)(D-1) ipari9ps-9as9fh)R ■ (58) 



Of course the same relation fl58|) gives the conformally transformed Weyl 
tensor in terms of the conformally transformed metrics and curvatures. But 
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whereas the de Sitter background of g^ v is curved, the background value of 
the conformally transformed metric is flat g^ u = r]^ u + nh^. This makes it 
very simple to extract the linearized piece, 



R, 



X 



K / 



(59) 



It remains to describe the index algebra needed to convert the quadruply 
differentiated propagator into the linearized Weyl-Weyl correlator 



—d a d^& p i 



p S A ua ^ (x; x 
We distinguish two steps: 



n 



C aMS {x)C„ vp(T {x') n) + 0(k 4 ) . (60) 



• Riemannization, in which the linearized (and conformally transformed) 
Riemann-Riemann correlator is formed; and 

• Weylization, in which the traces are subtracted to give the linearized 
Weyl-Weyl correlator. 

It is useful to define Riemannization generally for any 8-index bi-tensor 
"seed" with the same algebraic symmetries as the quadruply differentiated 
propagator on the left hand side of (|60|) . From expression (1591) we infer, 



Riem 

where, 



^seed) a 



(3-ySfivpa 



= H a ^ KX x TL^JW" x (seed)^^ 



(61) 



^ 7 / CkA = - m 5 * s * + - ■ ( 62 ) 

Weylization can be defined similarly on any 8-index bi-tensor seed with the 
algebraic symmetries of the product of two Riemann tensors, 



Weyl[(seed) a/3TW7 ] = C a ^ x x C^ 9 **" * (seed) eC . 
From expression f )58|) we infer, 

Va 7 ^6g ~ Vj^5 S a + Vestry ~ VSatf 



XOtjnpui 



(63) 



Ce^ttX re x( rA 



D-2 



+ 
12 



(D-2)(D-1) 



(64) 



The operations of Riemannization and Weylization give a simple form for 
the linearized Weyl-Weyl correlator, 



K 2 

— a 2 a' Weyl ( Riem 



06 



+ 0{k 4 ) . (65) 



From expression (|22|) for the graviton propagator, and the fact that the index 
factors [/3sTl a ] are constant in our gauge, we can write, 



a 2 a' 2 d a d^d'^& p i 



06 



A, 



(x; x') 



E 

I=A,B,C 



2 /2 

a a 



86 



tL 



x d a d~ f d' ffiA^x; x') 



(66) 

In the next two subsections we will derive expressions for first a 2 a' 2 [ / 35Tj tr ] 
and then d a d J d > d r iA I (x; x'). 

Several comments are in order before we close this subsection. First, Rie- 
mannization is the "standard permutation" defined decades ago in a study 
of invariant Green's functions [31]. A result from that work which will fa- 
cilitate subsequent analysis is that the Riemannization of any seed which is 
symmetric on the index pairs (0,7), (P,6), (/i, p) and (u, a) will possess all 
the algebraic symmetries of a Riemann tensor at each point, 



Ra0~f6 Rfia-yS Ra0S~f R 



•ySaB 



R 



-R, 



(67) 



The second point is that the Weyl tensor possesses the additional algebraic 
symmetry of being traceless on any two indices, and the additional differential 
symmetry of being transverse, 



D a a 



a(S"f6 







(68) 



Of course it is the full covariant derivative operator that appears in 
but the covariant derivative of the de Sitter background must annihilate 
the linearized Weyl-Weyl correlator. Third, every factor of the Minkowski 
metric in fl64l) is accompanied by an inverse metric, so we could just have 
easily expressed this tensor in terms of the de Sitter background metric, 



X 



-rf K = g ai {x) x g eK ( 



x 



(69) 



Our final point is evident in the last equation: because we no longer need 
the full metric g^ u = a 2 {rj^ v + nh^), we will henceforth employ the symbol 
u g liU n to denote the de Sitter background metric, 
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3.2 Standard Form for Tensor Structures 



The de Sitter invariant part of the index factors can be written in terms of the 
y-basis introduced in Section 2.3. To keep the tensor factors dimensionless 
we employ the notation, 



1 dy 
Hdx» 



1 



1 dy 

Hdx iv 

d 2 y 



2H 2 dx»dx' u ' 

The analogous dimensionless de Sitter breaking tensors are 
1 du _ n 1 du 



H dxv 



T' 



f X 



Hdx' 



a o 



(70) 
(71) 

(72) 



The key to extracting the invariant parts of the various index factors ( 1241 - 
261) is to note that they involve purely temporal tensors such as 5° and purely 
spatial tensors such as 7j„„ = r]^ u + <5° <5°. Of course the temporal factors can 
be represented using f!72|) . The purely spatial metric can either involve two 
indices from the same point, or from both points. If the indices are from 
the same point we can represent it using the purely spatial tangent matrix 
introduced in |2] 



9/3s( x ) = 9/38(x)+T^T 5 = ar)p S , g va (x) = g u<1 \ 
The case of mixed indices is given by [24J, 



x 



' v ' a 



>2- 



nt(x-,x') = n uu (x-,x')+ly^+l%yi+^A%V 



aa 7] 



With these definitions the three tensor factors take the form, 

2 



V 2 


rpA 


V 2 


rpB 


V 2 


rpC 



2 



(D-3)(D-2) 



{D-2)Tp% + gJ \(D-2)TX + C 



(73) 
(74) 

(75) 
(76) 
(77) 
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3.3 Standard Form for Derivatives 



We can perform a similar reduction for the factor d a d 1 d' p d' p iAi(x\x') in 
(|66|) . The .B-type and C-type propagators are de Sitter invariant functions 
of y(x; x'), and taking two mixed derivatives of the A-type propagator elimi- 
nates its de Sitter breaking term. Thus, after acting these first two derivatives 
we can write, 



Acting the remaining two derivatives produces noninvariant terms, 



(78) 



d a d^d , u d'iA I (x]x') 



d*y 



dx a dx~i dx'P dx'P 



+4 



+ 



d 2 y d 2 y dy 



d 3 y 



dx a dx'^ dx'p^dx^ dx^ dx^dx'^dx'p 
dy d 2 y 



i\y) + 

+ 2 



d 2 y d 2 y 
dx a dx~< dx'P dx'P 
d 3 y dy 



dx a dx^dx'^ dx'P^ 



dy dy dy d 2 y d 2 y dy dy 



g x ( a Q x i)Q x '(v q x 'p) Q x a q x i dx'P-dx'P dx a dx^ dx'P dx'P 

dy dy dy dy 



dx a dx^i dx'p dx'P 



i"{y) 
i"\y) 

(79) 



All noninvariance comes from acting two derivatives at the same spacetime 
point. We can express these derivatives in standard form, 



d 2 y 



dx a dx"< 

d 2 y 
dx'P dx'P 
d 3 y 

dx a dx~<dx'p 
d 3 y 

dx a dx'Pdx' p 

dx a dx^dx'^dx'P 



2H 2 l-g ai (x) + T {a y i) 



2H 2 \ ±g„{?>) 



2H 3 ^-g ai {x)%-2T (a n i) ^ 
2H 3 ^g„ p (x')T a -2K a{ ,T^ 



(80) 
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3.4 The Final Result 



Most of the subsequent analysis was made using the symbolic manipulation 
program Mathematica, but it is of course advantageous to simplify even com- 
puter calculations to make them run more efficiently and transparently. It 
is evident that Riemannizing and then Weylizing our original seed ( 16 6 p will 
produce a huge number of terms, many of which are permutations and traces 
of the same seed tensor times some function of y. Rather than process this 
unwieldy form all the way through Weylization, we expressed the Rieman- 
nized result as a linear combination of the rather small number of tensors 
which possess the algebraic symmetries of the product of two Riemann ten- 
sors. It turns out there are only nine independent invariant tensors with 
these symmetries [21] • There are many more noninvariant tensors, but very 
few of these actually occur. 

A further simplification is to break the Riemannized result into those 
terms R-ap-ySuvpa which contain one or more factors of the de Sitter metric 



and those R 



( n s) 



which do not, 



K 2 /2tj. 

— a a Riem 

4 



ri5 



A, 



,x: x 



R (ng) _i_ "D (g) 



(81) 



This is useful because Weylization can only change the metric terms. Of 
course there is the additional advantage that the number of independent 
tensors needed to represent the nonmetric terms is smaller. Without the 
metric there are only three invariant tensors with the algebraic symmetries 
of a product of two Riemann tensors [31J . We can represent them by Riem- 
annizing the seeds, 



a 



(i) 



(2) 

afi'ySpLvpa 



(3) 

a/i'ySpLvpa 



2 9 2 V d 2 y x 
dx a dx'& dx' p) dx^ 
dy d 2 y dy 
g x (a Q x i)Q x i{p Q x i P ) 

dy dy dy dy 



d 2 y d 2 y 

dxPdx'<y dx' a) dx 6 ' 
d 2 y d 2 y 

X dxPdx'l? dx' a) dx 5 
d 2 y d 2 y 



dx a dx'y dx'i 1 dx'p dx^dx'^ dx ,a) dx 5 ' 



(82) 
(83) 
(84) 



Although many de Sitter breaking, nonmetric tensors are conceivable, it turns 
out that only three occur. They derive from Riemannizing the seeds, 



a 



(4) 

aPySpvpcT 



du du du du 



d 2 y d 2 y 



dx a dx"i dx'P dx'p dx^dx'^ dx lcj) dx 5 ' 



15) 
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a 



(5) 

aP'yS/iupcr 



du du du du dy d 2 y dy 



a 



(6) 



dx a dx"< dx'» dx'p dx& dx^dx'^ dx'^ 
dy dy dy dy du du du du 

X 



(86) 
(87) 



a^Spvpa ' Q^p - • 

We extracted the corresponding coefficients of seeds and a® in 



R 



(ng) 

aftji/ivpcr 



and they have the wonderfully simple forms, 

ci = jA"(y) , c 2 = ^A"'(y) , c 3 = ^A""(y). (88) 

Even better are the results we obtained for the coefficients of the noninvariant 
tensors fl85ll87l). 



K 2 


8{D- 


3) 


K 2 




8(D- 


3) 






8(D- 


3) 



(%-y 2 )A"(y) + J D(2-y)A / (y)-( J D-l)fc] , (89) 
(4y-y 2 )A">(y) + (D + 2)(2-y)A"(y)-DA>(y)} , (90) 
(4y-y 2 )A""(y) + (D+4)(2-y)A"Xy)-2(D + l)A"(y)} . (91) 



C 4 : 
C 5 : 
C 6 



Note that the coefficient C4 is proportional to the differential equation ( 1321 
satisfied by while c 5 and c 6 are proportional to its first and second 

derivatives, respectively. So these three coefficients vanish and we can write, 



3 

E 

k=i 



^all&pvpa = C k X Riem 



a 



(k) 

afi^l&pvpa 



(92) 



Let us now turn to the Riemannized terms which contain one or more 
factors of the de Sitter metric, Rap-yduvpa- Although the list for all possible 
(invariant and noninvariant) seed tensors is much longer than the first one, 
it turns out that they all vanish upon Weylization, 



Weyl(R, 



(g) 

afi^&pv pa 







(93) 



Hence the final result is just the Weylization of f l9~2"j) . Expressing the seed 
tensors (I82H84P in our standard, dimensionless form gives, 



(n\C a p lS (x) x C^ pa (x')\n) = k 2 A" (y) 
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x Weyl (Riem 



7? 7? -1-7? 7? 



xWeyl^Riem 



xWeyl^Riem 



- 2K 2 H 4 A'"(y) 



+ ~K 2 H*A""(y) 



0(k 4 ). (94) 



A further simplification is to express the result (1941) using covariant deriva- 
tives (with respect to the de Sitter background) of the scalar propagator 
iA A (x; x'), 



n 



a 



n 



K 



^ Weyl ^Riem 



D a D^D' p iA A x 



+ 0(k 4 ). (95) 



(The flat space limit is obvious from this form.) The fact that the three 
algebraicly independent tensor factors in expression ( 194)) can be combined 
in this way is a consequence of transversality (|68|) . Each of the three tensor 
factors obeys all the algebraic symmetries of a product of two Weyl tensors, 
but only a particular combination of all three obeys transversality. 

Even more simplifications occur in D = 4 dimensions. For example, the 
general form of A"(y) from definition ( )30|) contains an infinite series, 



4x# 



+ E 

n=l 



(4vr 

(n-l)V(n+D-l) /j/xn-2 (n-f +l)r(n+f +1) /jMn-f 



r(n+#) 



fn+1) 



(!)' 



(96) 



However, only the first two terms survive for D = 4, 



lim A"{y) 

D— >A 



H 2 \ 8 2 

167T 2 1 ?/ 3 ?/ 2 



(97) 



3.5 Comparison with Previous Results 

In 2001 Kouris reported a result for the linearized Weyl- Weyl correlator in 
D = 4 dimensions [3] , derived using a de Sitter invariant propagator in a gen- 
eral gauge [T5]. Although the reader will recall from Section 1 that all these 
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1 


-12(|) 3 


2 


-18(|) 3 -6(|) 2 


3 




4 


-3(f) 3 +3(f) 2 


5 


§(#) 3 +§(f) 2 


6 




7 





Table 1: The coefficients D^ 1 ' of Kouris [3] expressed in terms of our de Sitter 
length function y(x; x'). Each term should be multiplied by 

propagators are illegitimate for one reason or another, the various problems 
(spurious zero modes and invalid analytic continuations in the constrained 
sector) should drop out of the Weyl-Weyl correlator. However, the Kouris 
result does not agree with ours, nor can his result be correct. 

Kouris expressed his answer as a linear combination of scalar functions 
(given in Table [T]) times anti-symmetrized tensor factors (the seeds for which 
are listed in Table [2]) , 



n 



Cabcd(z) x C a tydd'{x ) 



n) 

I Kouris 



7 

I 

1=1 



The problem has to do with the various algebraic and differential symmetries 
that the linearized Weyl-Weyl correlator must obey. We us define, 



W, 



abcda'b'c'd 1 



i=i 



in 

.b][cd][a'b'][c'd'} > 



(99) 



This tensor should be, and is, anti-symmetric under interchange of (a,b), 
(c,d), (a',b') and (c',d'). However, it must also be symmetric under the 
interchange of index pairs, 



W, 



abcda'b'c'd 1 



w, 



cdaba'b'c'd' 



w, 



abcdc'd'a'i 



(100) 
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s. 



{I) 

abcda'b'c'd' 



{4y-y 2 ) 2 y^'^'a'y'c' 9bd9b'd' ~ ^R-bb'T^dd' 



Z^yay'c'T^bb'T^cd' T^da' ~ 2(4-3/) ^3^' 



Ay-y 2 



Ay-y- 



-ycy'ciQbdQa'd! 



T^-ab' nl-y) y^y'v 



Ay-y 2 



2(iy-y 2 ) 



gacy^yc'^bd'T^db' + y a yc9a , c i 'T^bb i 'T^dd: 

9ac9bd9b>d>y' a iy d + ya,yc9a'c>9b'd>9bd 



2(4-3/) 



T^-ab' 7tbc' Tied' T^-da' 

n aV n bd (n cd ,y d y a , + n da ,y c y d , 
+n cd ,n da , (K aV y b y c , + n bc ,y a y b , 



A(A-y) 2 



n ab ,K cd ,y b y d y a ,y c , + ^^^xx 



+9ac9b'd' 



9ac9b' 'd'T^da'T^bc' 
' 2(4-3/) {R-da'yby'd + ^-bc'^dX') + 4(4^F 343^3^' X' 



7 



9ac9bd9a'c'9b'd' 



Table 2: The seed tensors S a I b \ da , b , c , d , of Kouris [3], expressed using our stan- 
dard basis tensors ( 1701171]) . Terms that drop after antisymmetrization have 
been omitted. 
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Another symmetry inherited from the Riemann tensor is, 

Wa,(bcd)a'V&d' = = W a b c da>(b>c'd>) ■ (101) 

The result must also be traceless within any index group. That is obviously 
true on antisymmetric index pairs, but it must hold as well for different pairs, 

g aC W a bcda'b>c>d> = = Q a C W a bcda' V c' d' ■ (102) 

None of the algebraic symmetries (11 00111021) hold, nor does the Kouris result 



obey transversality 

D a W abcda i b > c i d i = = D a W abcda' b'dd' ■ (103) 

Kouris claimed to have checked (llOOHlOll) [3J. He does not seem to have 
realized that relations f llQ2j) and (1 1 3 [) should hold. His choice of basis tensors 
is also peculiar. There are 9 distinct invariant tensors with the algebraic 
symmetries of two Riemann tensors — antisymmetry plus relations (11001 
HOip [3Tj . However, Kouris only used the 7 basis seeds listed in Table HJ 
Enforcing tracelessness (I102p should leave just three distinct tensors |31J, 
and transversality f ll03[) should relate the coefficients of these. 

Of course our result (J94"]l obeys (I100H103P so it cannot agree with f l98|) . It 
is not easy to compare the two results termwise because Kouris employed the 
geometrical tensors (I53H55I) of the mathematical physics convention. How- 
ever, it is simple enough to compare those terms which contain four factors 
of 1Z. In our result (19~4"|) . with the Kouris indices, these derive exclusively 
from the first term, 



K 2 H 4 A"{y) Riem 



Ttbb'Ttdd' +TZbd'TZdb' 



.2 U < >/ i d2 y d2 y d2 y d2 y 



^Wfe)-- 2- 



2H 2 J \ dx a Wx' [a ' dx' b ' ] dxi c dx d Wx' [c ' dx' d ' ] dxl b 
d 2 y d 2 y d 2 y d 2 y 



dx a dx' [a ' dx' b ' ] dx b dx c dx' [c ' dx' d ' ] dx d 

d 2 y d 2 y d 2 y d 2 y 



dx a dx' [d dx' d ' ] dx b dx c dx' [a ' dx' b ' ] dx d 



•. (104) 



(5) 

The only one of Kouris's tensors which has four factors of TZ is S abcda , b , c t d ,. 
Note that in D = 4 dimensions we can express his 1 = 5 coefficient function 
in terms of A"(y), 

= 48k 2 H* x A"{y) . (105) 
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(5) 

Retaining only the part of S abcda , b , c , d , which contains four factors of TZ gives, 
n(5) x c(5) 

— ► -A8k 2 H 4 A"(v)( — V — ^ (106) 

Although the function of y is tantalizingly close, the numerical coefficients 
differ even between the parts of (I104p and (I106P which have the same tensor 
structure. One also sees the absence in (11061) of the final two terms of (I104p 
which are needed to enforce symmetries (I100H101]) . 

Two facts about Kouris's work make us suspect that it may be resolved 
after correcting some minor errors: 

• The factors of (4 — y) — which are an artifact of the cumbersome, de 
Sitter invariant notation — all cancel in his final result (1551); and 



• He claims to have checked relations (UOOHlOlj) . even though they obvi- 
ously fail for the result he reported. 

We accordingly explored minor emendations. One obvious possibility is that 
Kouris's computer program might have generated the right result, but he 
failed to extract the correct tensors owing to a mistaken belief about the 
form the final answer should take. For example, his program might have 
generated all three of the TZ 4 terms in (I104p . but he might have imagined 
that the result should include only the first one, and so checked only its 
coefficient. (We guarded against this sort of error in our own analysis by 
reconstructing the form (I92p and checking that it really agrees with the long 
expression generated by our program.) However, we could not discover any 
way to make this work. 

Another possibility is that Kouris's antisymmetrized seed tensors would 
each obey (llOOHlOlj) if they were first symmetrized with respect to the inter- 
changes (a, b) -H- (c, <f) and (a',b') -H- (c', d'). Perhaps he intended this, even 
though it was not stated? Unfortunately, this emendation still leaves a result 
which fails to obey (I102p . That problem could be resolved by changing the 
sign of [10]. However, the result still fails to obey (I103p . and we are 
reluctant to consider more drastic emendations. 
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3.6 Coincidence Limit 



Even had the result of Kouris been correct, it was unregulated by virtue of 
being specialized to D = 4 dimensions. A simple but powerful application 
of our formalism consists of taking the coincidence limit of the Weyl-Weyl 
correlator using dimensional regularization. To do this we set a' = a, Ax M = 
and y = 0. It is straightforward to read off the coincidence limit of each 
basis tensor from (ITUED) and (1371)- (1551). 



(107) 
(108) 
(109) 



lim yJx\ x') 

x'^rx 

lim y' v (x\ x') 

x'-¥x 

lim Un V {x] x') 



1 dy 
— lim - — = , 

H x'-+x OX* 1 

1 dy 

1 d 2 y 



lim 



2H 2 x'^x dx^dx' 



g^u(x) . 



(2) (3) 

Hence the seed tensors <r K a p s and cr^g s both vanish at coincidence 
and we have, 



n 



= 4k 2 H*A"(0) x Weyl^Riem 



9a(jj.9p)i 9/3(v9a)S 



+ 0(k 4 ) .(110) 



The coincidence limit of A"(y) is also simple because we are using dimensional 
regularization in which any D-dependent power of zero vanishes. Hence only 
the n = 2 term of the infinite series for (19"oT) survives, 



A"(0) 



H 



D-2 



(4tt; 



1 T(D + 1) 
16T(f+2) 



(111) 



Expanding the Weylized and Riemannized tensor factor in (11101) gives, 



Weyl ^Riem 



9a(p9p)-y 9P{is9<t)S 



^9a][p,9iy][y9S][p9(T][P + 
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D-2 



^9a[ii9u]l3 9*i\p9o\& + ^9a[p9a}l3 9y[p9u]S 



9a][ 1 98\\ } ji9i>][p9vW + 9a][i95\\p9<T]\n9u]\p 



24 



(D-2)(D-1) 



9a[j9S\P 9p,[p9a]u • (112) 
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What we are ultimately interested in is the coincident Weyl-Weyl correlator 
with the indices properly contracted. That is, we contract g a ' J -gl 3u g^Pg Sa into 
f lTT2]) to obtain, 

n 



C a ^\x)C aMS {x) Q) = 4(D-3)D(D + 1)(D + 2)A"(0)k 2 H 4 + 0(k 4 H 8 ) . 

(113) 



4 Discussion 

Our result for the linearized Weyl-Weyl correlator is fl94|) . It does not agree 
with what Kouris obtained [3], but that result cannot be correct because 
it lacks some of the algebraic symmetries of the Weyl tensor and is not 
transverse. By taking the coincidence limit of our result (with dimensional 
regularization) and contracting the indices we derived an expression (11 1 3 p 
for the expectation value of C a ^ & '(x)C ' a ^s(x) at lowest order. 

Despite the fact that our propagator shows a physical breaking of de Sitter 
invariance \22\ . the Weyl-Weyl correlator computed from it is completely de 
Sitter invariant at linearized order. There are different opinions about why 
this happened. Mathematical physicists maintain that it is because "free 
gravitons" are de Sitter invariant. They hold that the de Sitter breaking 
manifest in our propagator is merely a gauge artifact which drops out when 
linearized gauge invariance is enforced by going to the linearized Weyl-Weyl 
correlator [TUl ED]. We do not agree. We believe the de Sitter breaking 
terms dropped out because the logarithmic infrared divergence from which 
they derive is rendered convergent (and hence de Sitter invariant) by the 
derivatives needed to convert the graviton field into a linearized Weyl tensor. 
This was so obvious that it was noted even before the computation was begun 

At this point we should comment on what one learns about gravity from 
the linearized Weyl-Weyl correlator versus the undifferentiated propagator. 
The dynamical variable of gravity is the metric and, like all local force fields, 
it consists of three things: 

• A pure gauge part which fixes how we measure lengths and times; 

• A constrained part which carries the gravitational response to sources 
of stress-energy; and 

• A dynamical part which represents gravitational radiation. 
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In a gauge such ours [TJ |2], the graviton propagator contains all three of 
these things. By insisting on the linearized Weyl tensor in order to expunge 
the pure gauge part, mathematical physicists have edited out the constrained 
fields and they have also weighted infrared graviton modes much less strongly 
than ultraviolet ones. There is no question that this abandons perfectly 
physical and gauge invariant information. For example, the constrained part 
of the gauge fixed propagator provides the gravitational response to matter, 
which comprises all but one of the classic tests of general relativity. And the 
canonical weighting of graviton modes is reflected in the scale invariance of 
the tensor power spectrum (pQ). 

It seems clear to us that this controversy over the relevance of the gauge 
fixed graviton versus the linearized Weyl tensor is identical to one which was 
finally settled for electromagnetism by the Aharonov-Bohm effect jl]. It is a 
gauge invariant fact that matter fields couple to the electromagnetic vector 
potential, not to the field strength. This implies that the undifferentiated 
vector potential is itself observable in a fixed gauge. Similarly, it is a gauge 
invariant fact that matter — and even gravity itself — couples to the undif- 
ferentiated graviton field, not to the curvature. The same reasoning implies 
that the undifferentiated graviton field must be observable in a fixed gauge. 
Indeed, strenuous efforts [5j|6j[7J[8] are underway to measure the tensor power 
spectrum ([1]) which is precisely such an observable. Concerns over invariance 
should be resolved in gravity the very same way as in gauge theories: by 
noting that a quantity can always be defined invariantly by specifying it in 
a fixed gauge. (For examples, see [32| [33].) 

An interesting parallel exists with the free massless, minimally coupled 
scalar on a non-dynamical de Sitter background, 



There is no question that this theory breaks de Sitter invariance [27J EQ]. If 
one defines things so as to preserve the homogeneity and isotropy of cosmol- 
ogy then the scalar propagator is precisely the same as the spatial polariza- 
tions of our graviton field [29J , 




However, because all fields in the stress tensor are differentiated, the expec- 
tation value of the free scalar stress tensor happens to be de Sitter invariant 




(114) 
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n 



- flU 



= (W~9^9 pcr ) lim d p d'jA A (x;x') = (D-2)H 2 A'(0)g^ . 



(116) 

People who believe passionately in de Sitter invariance have been known to 
proclaim this result as evidence that the de Sitter breaking of the scalar 
propagator fll 15j) is "unphysical." However, it is nothing more nor less than 
the result of the de Sitter breaking infrared divergence being logarithmic, so 
that derivatives eliminate it. 

Now add an interaction which involves undifferentiated scalars, 



A 
4! 



-g + Counterterms 



(117) 



Because the interacting theory contains undifferentiated scalars, the expec- 
tation value of the stress tensor shows explicit de Sitter breaking 



n 



T, 



fJ,V 



O) = (D-2)H 2 A'(0) 9i 



[XV 



XH 4 



(47T) 



7 



2\n 2 (a) + -\n(a)\g^ + 



-ln(a)+ ] 
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%% + 0(A 2 ).(118) 



de Sitter breaking has also been exhibited for the one-particle-irreducible 
(1PI) 2-point function at one and two loop orders [35], and one can show 
generally that each additional power of A in a 1PI function produces up to 
two additional de Sitter breaking factors of In (a) [36J. 

The same sort of de Sitter breaking goes on whenever one adds inter- 
actions which involve undifferentiated scalars on non-dynamical de Sitter 
background. Explicit, fully renormalized results exists at one and two loop 
orders for scalar quantum electrodynamics [37] — which shows one factor of 
ln(a) for each factor of the loop counting parameter e 2 — and for Yukawa the- 
ory [38J — which shows one factor of ln(a) for each additional loop. Similar 
results have even been obtained for the nonlinear sigma model [39] . 

Let us now take note of the undifferentiated graviton interactions which 
abound in the gravitational Lagrangian (fl2"|) . Based on the known rela- 
tion between interactions and infrared logarithms, one expects an addi- 
tional factor of ln(a) for each extra factor of the quantum gravitational 
loop counting parameter k 2 [36]. Which brings us to the observation that 
(Q\C al3lS (x)C a /3-ys(x)\Q) can show de Sitter breaking at order k 4 . Individual 
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diagrams certainly make such contributions, but it might be that they all 
add up to zero. We propose that this be checked. 

It should be noted that the operator C a ^ lS (x)C a ^s(x) is a scalar, rather 
than a true invariant. Promoting it to an invariant requires somehow fix- 
ing the observation point x^, and that would inevitably involve nonlocality. 
However, the expectation value of C a ^ lS (x)C a ^g(x) should serve as a test of 
the physical de Sitter invariance of the gauge fixed theory. And this quantity 
has a priceless advantage over invariant (and hence nonlocal) observables: 
we know how to renormalize it. 
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